Harmonic balance (HB) method is well known principle for analyzing periodic oscillations on nonlinear networks and systems. Because the HB method has a truncation error, approximated solutions have been guaranteed by error bounds. However, its numerical computation is very time-consuming compared with solving the HB equation. This paper proposes an algebraic representation of the error bound using Gröbner base. The algebraic representation enables to decrease the computational cost of the error bound considerably. Moreover, using singular points of the algebraic representation, we can obtain accurate break points of the error bound by collisions. key words: harmonic balance method, error bound, Gröbner base, algebraic representation, quadratic approximation, singular point
Introduction
Harmonic balance (HB) method is well known principle for analyzing periodic oscillations of nonlinear networks and systems [1] , [2] . Using this method, we express circuit equations as simultaneous algebraic equations called HB equation due to an approximation by truncated Fourier series of variables. Although the HB method ignores high frequency components, the HB method enables to clarify essential relations among the system parameters. Recently, some techniques by the HB method for bifurcation analysis have been proposed [3] - [6] .
Because the HB method has a truncation error, approximated solutions of the HB equation have been guaranteed by bounded regions, called error bounds, within which the solution must reside [7] - [9] . In particular, Swern presented a method to obtain the error bound for a feedback system with a polynomial-type nonlinear element [9] . However, the numerical computation of the error bound is very timeconsuming because we have to express the high dimensional error bound using a set of the numerical values.
In order to overcome the difficulty, we propose an algebraic representation of the error bound using Gröbner base [10] , [11] . Several reports have proposed methods to apply Gröbner base to nonlinear circuit systems [12] - [15] . Gröbner base enables to eliminate variables from polynoManuscript received November 27, 2007. Manuscript revised March 12, 2008 . † The authors are with the Department of Electrical Engineering, Kyoto University, Kyoto-shi, 615-8510 Japan.
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a) E-mail: yagi@circuit.kuee.kyoto-u.ac.jp b) E-mail: hisakado@kuee.kyoto-u.ac.jp c) E-mail: kohshi@iis.it-hiroshima.ac.jp DOI: 10.1093/ietfec/e91-a. 9 .2442 mial simultaneous equations containing parameters [16] , [17] . By Gröbner base, the algebraic representation of the error bound is described as only one algebraic equation with system parameters. The proposed method does not depend on the number of specific frequency components. Further, linear elements of the system are contained as parameters. Thus, when we fix the nonlinear elements, the algebraic representation can be uniquely obtained.
In order to visualize the error bound, we project the error bound to a complex plane of a target frequency component using the algebraic representation. However, the computation of its projection is time-consuming. Thus, we propose an approximated error bound using the algebraic representation. Although the proposed error bound approximately guarantees solutions, the approximated error bound reduces the computational cost of the projection considerably [11] .
When we set the system parameters close to bifurcation parameters, there exist two error bounds in a neighborhood. In such cases, the error bounds are broken by a collision of each other. Hence, we cannot guarantee the solutions near the bifurcation point. The collision point is a break point which generates a singular point of the error bound. Since the singular point can be calculated by the algebraic representation, we propose a method to obtain the accurate break point of the error bound.
Harmonic Balance (HB) Method and Error Bound

HB Method
We consider the nonlinear feedback system shown in Fig. 1 . The system equation is described by
where s = d/dτ, v(τ) is an input function with a period 2π, 
where x ≡ (x 0r , x 1r , x 1s , . . . , x nr , x ns ) T ∈ R m is a vector of variables, e ≡ (e 0r , e 1r , e 1s , . . . , e nr , e ns ) T ∈ R m is a vector of frequency components of the input function, (·)
T denote the transposition, n is the number of specific frequency components, and m = 2n + 1 denotes the number of unknowns.
Error Bound for HB Method
Because the HB method has a truncation error, we calculate guaranteed solutions evaluated by an error bound. The error bound is m − 1 dimensional surface in m dimensional space. In order to obtain the error bound, we extend the method reported in [9] to the periodically forced system (cf. Appendix B). The error bound is calculated by removing the variable λ from Eqs. (A· 16) and (A· 24).
However, the numerical computation of the error bound is very time-consuming compared with solving the HB equation because we need to express the high dimensional error bound using a set of numerical values.
Algebraic Representation of Error Bound
Error Bound by Gröbner Base
To overcome the difficulty of the numerical method, we try to represent the error bound algebraically using Gröbner base. In order to apply Gröbner techniques [16] , [17] 
Moreover, multiplying the both sides of Eq. (A· 24) by 1 − λH and squaring it, we obtain
Equations (4) and (5) are polynomial equations with respect to λ. Because Gröbner base of lexicographic order λ x kr (or λ x ks ) enables to eliminate λ from Eqs. (4) and (5). we can obtain the following algebraic representation of the error bound [10] ;
However, the computational cost of Gröbner base is highly dependent on the complexity of Eqs. (4) and (5). In particular, the computational cost increases exponentially according to the expansion of the number n. Thus, the algebraic representation (6) can not be calculated by the naive method in [10] if we consider more than 2 frequency components.
Efficient Method to Obtain Algebraic Representation
In order to resolve the problem of Gröbner base, we propose an efficient method to obtain the algebraic representation of the error bound using transformations of variables [11] . Because the number n of the specific frequency components complicates only the norms in Eqs. (4) and (5), we transform the norms into new variables;
Thus, using the transformation of the variable x into α, β, γ, we rewrite Eqs. (4) and (5) by
Because the representations (10) and (11) have only 4 variables λ, α, β, γ instead of m + 1 variables λ, x 0r , x 1r , x 1s , . . . , x ns in Eqs. (4) and (5), the computational cost of Gröbner base can be reduced. Then, g EB (α, β, γ; H) is obtained by the elimination of λ using Gröbner base from Eqs. (10) and (11) . Since the expressions of Eqs. (10) and (11) are far simpler than those of Eqs. (4) and (5), the computational cost of obtaining g EB (α, β, γ; H) is remarkably less than the cost of Eq. (6) by the naive method. After we calculate g EB (α, β, γ; H), the algebraic representation (6) is obtained by the substitutions of α, β, γ, H into g EB (α, β, γ; H). Thus, the algorithm is given by S1. We give the polynomial equations f EB1 (λ, α; H) = 0 and f EB2 (λ, β, γ; H) = 0. S2. We obtain g EB (α, β, γ; H) by the elimination of λ using Gröbner base of order λ (α, β, γ) from f EB1 and f EB2 .
S3. We obtain the algebraic representation (6) of the error bound by the substitution of α, β, γ, H into g EB (α, β, γ; H).
As is easily seen from this algorithm, we can obtain the algebraic representation (6) of the error bound even if we consider many frequency components. Moreover, the representation g EB (α, β, γ; H) is uniquely determined only by the nonlinear element N[u] because the transfer functions G 1 and G 2 are contained only in the variable γ and the parameter H in g EB (α, β, γ; H) symbolically.
Example
We apply the proposed method to Duffing equation;
This equation can be rewritten as Eq. (13);
The equations f EB1 and f EB2 is written by
Thus, the following algebraic representation g EB (α, β, γ; H) of the error bound is obtained by the elimination of λ using Gröbner base of order λ (α, β, γ);
Let us compare the proposed method using Gröbner base of order λ α β γ with the naive method using the order λ x 1r x 1s . The computational cost of both methods is shown in Table 1 where n = 1. From this table, we can confirm the efficiency of the proposed method.
Further, Eq. (16) does not contain the transfer function G(s; μ) and the number of the specific frequency components explicitly. Thus, when we fix the nonlinear element N[u], we can obtain the algebraic representation (6) from g EB (α, β, γ; H) even if we consider many frequency components. 
Fast Computation of Approximated Error Bound
Quadratic Approximation of Error Bound
In order to visualize the high dimensional error bound, we project the error bound to a complex plane of a target frequency component. However, the computation of the projection is very time-consuming.
We propose a fast computational method to obtain an approximated projection of the error bound. The error bound is in a neighborhood of the solution of the HB equation, and resembles an ellipsoidal body. Thus, we approximate the error bound to the quadratic form using variations of the solution.
Let us consider a projection of the error bound to a complex plane (x lr , x ls ) for l ∈ {1, . . . , n}. Then we rewrite the vector of the variable
Further, we consider that the variable x is described by
where,x ≡ (x 1 ,x 2 , . . . ,x m ) T is a vector of the solution of the HB equation and Δx ≡ (Δx 1 , Δx 2 , . . . , Δx m )
T is a vector of its variations.
Using Δx and Taylor expansion, we obtain the quadratic approximation g ΔEB (Δx; µ, e) of the error bound as follows;
Then, the approximated error bound is rewritten by
where
In order to obtain the projection of the approximated error bound g ΔEB (Δx; µ, e), we decompose A(x, µ, e) and Δx into
where partial matrices of A denote A 1 ∈ R 3×3 , A 2 ∈ R (m−2)×3 and A 3 ∈ R (m−2)×(m−2) , respectively. Now let
be a gradient vector of g ΔEB . Then, the boundary of the projected error bound to (x 1 , x 2 ) plane satisfies that ∇g ΔEB is orthogonal to the following unit vectors which are parallel to the x 3 , . . . , x m axes.
(0, 0,0,1,0,. . . ,0) T , (0, 0,0,0,1,. . . ,0) T , . . . 
Namely, the projection of g ΔEB (Δx) satisfies
Thus, applying this relation to Eq. (20), we obtain a constraint for the projection;
As a result, the projection of the approximated error bound is represented by
Finally, the substitution of Δx 1 = x 1 −x 1 , Δx 2 = x 2 −x 2 into Eq. (26) gives the approximated projection of the error bound.
The quadratic approximation algorithm is written by S1. We calculate the algebraic representation (6) of the error bound using Gröbner base. S2. We set the target complex plane (x 1 , x 2 ) and other variables x 3 , . . . , x m . S3. We obtain algebraic representations of the elements a i j (x, µ, e), (i, j = 0, . . . , m, i ≤ j) of the matrix A with the solutionx of the HB equation and the system parameters µ, e. S4. We determine a i j by the substitution of the given solutionx and parameters µ, e into a i j (x, µ, e), (i, j = 0, . . . , m, i ≤ j). S5. We obtain the projection of the approximated error bound by A 1 − A 2 A Although the proposed error bound approximately guarantees solutions of the HB equation, the projection of the error bound can be plotted easily on a two-dimensional space by this algorithm.
Example
We apply the quadratic approximation of the error bound to Duffing Eq. (12) where we assume that zero frequency components are zero for simplicity. We consider the approximated projection to fundamental frequency component, namely, x 1 = x 1r , x 2 = x 1s , x 3 = x 2r , . . . , x m−1 = x nr , x m = x ns , and (x 1 , . . . ,x m ) T . Then the matrix A of the approximated error bound is represented by the elements
In order to confirm the validity of the approximation, the projections by the proposed method and the method in [9] are shown in Fig. 2 where μ = 0.1, E = 0.35, n = 4, 6, 8. We can see that the projection of the approximated error bound is very close to the projection in [9] .
Moreover, the projection of the approximated error bound with the parameter E varying from 0.1 to 0.4 is shown in Fig. 3 where μ = 0.1 and n = 4. Because the elements (27), (28), (29) and (30) contain the system parameters symbolically, the approximated error bound can be easily obtained even if we change the system parameters as shown in Fig. 3 .
Further, the computational time of the proposed method and the method in [9] for n = 4, 6, 8, 20 is shown in Table 2 when we vary the parameters μ from 0.1 to 1.0, E from 0.1 to 0.4. Additionally, we also show the solving time of the HB equation in Table 2 . Although the proposed method in Table 2 does not contain the computational cost of g EB (x; μ, E), g EB (x; μ, E) is calculated only once and the computational cost is very low as shown in Table 1 . Thus, we can confirm that the proposed method reduces the computational cost of the error bound dramatically. Although the conventional method is very time-consuming compared with solving the HB equation, the proposed method approximately guarantees the solutions as fast as solving the HB equation.
Break Point of Error Bound
Break Point and Singular Point of Error Bound
When we set the system parameters close to the bifurcation parameters, there exist two solutions of the HB equation in a neighborhood. In such cases, two error bounds containing these solutions are broken by a collision of each other, and we can not hence guarantee the solutions near the bifurcation point. Let us call this collision point a break point of the error bound. We propose a method to obtain accurate break points using the algebraic representation of the error bound.
Because a gradient vector of singular points equals zero in general [16] , [17] , the break point of the error bound satisfies the following relations based on the algebraic representation (6) g EB (x; µ, e) = 0 ∇g EB (x; µ, e) = 0 ,
where a gradient vector ∇g EB (x; µ, e) is written by
Thus, if we view one system parameter ε ∈ {µ, e} as the variable, the simultaneous Eq. (31) gives the break point (x, ε). We obtain the break point of the error bound by numerical method using an initial point ((x 1 +x 2 )/2,ε), whereε is the parameter value close to the bifurcation parameters, andx 1 ,x 2 denote two close numerical solutions of the HB equation f (x;ε) = 0. The algorithm to obtain the break point of the error bound is described by S1. We calculate the algebraic representation (6) of the error bound using Gröbner base. S2. We select the parameter ε in the system parameters µ, e. S3. Using the initial value ((x 1 +x 2 )/2,ε), we obtain the break point of the error bound by solving Eq. (31).
Example
We obtain the break points of the error bound for Duffing Eq. (12), where we assume that zero frequency component is neglected for simplicity. Let us select the parameter ε = E and let μ = 0.1, n = 30. Then the bifurcation diagram E-x 1r is shown in Fig. 4 . Additionally, we also show the approximated error bound in Fig. 4 . Namely, we can guarantee the solutions of the HB equation in a gray region. Thus, the bifurcation points in Fig. 4 lie close to E = 0.45 and E = 0.12.
Using the proposed method, we can calculate the parameters E B1 = 0.445168 and E B2 = 0.135366 of the break points. We show the projection of the error bound at E B1 and E B2 in Fig. 5 and Fig. 6 , respectively. The Solution A, B, C and D in Fig. 5 and Fig. 6 correspond to the Solution A, B, C and D in Fig. 4 . Thus, we can confirm that the proposed method enables to obtain the accurate break points of the error bound by the collisions.
Conclusion
We proposed an algebraic representation of an error bound for HB method using Gröbner base. Further, we proposed an efficient method to calculate the algebraic representation using transformations of variables. The proposed method does not depend on linear elements of the system and the number of specific frequency components. Next, we proposed a fast computational method of an approximated error bound by a quadratic approximation using the algebraic representation. We confirmed that the quadratic approximation guarantees approximately the solutions as fast as solving the HB equation. Moreover, we proposed a method to obtain accurate break points of the error bound near bifurcation points. In this way, algebraic approach is very powerful for high dimensional varieties such as error bounds. 
